u® = \/(ge)/p = friction veloc-
ity, ft./hr.

u = velocity, ft./hr.

\% = u/u, = velocity ratio, di-
mensionless

x = axial distance along tube, ft.

y = r — r, = distance from wall,
ft.

y == dimensionless wall distance,
dimensionless

Greck Letters
€n = k./pc, = eddy diffusivity of
heat, sq.ft./hr.

€y = eddy diffusivity of momen-
tum, sq.ft./hr.

v = kinematic viscosity, sq.ft./hr.

p = density, lb.-mass/cu. ft.

T = shear, lb.-force/sq.ft.

Y = en/eu, dimensionless

Subscripts

a = average

c = transition between laminar
and turbulent zones -

L = laminar flow

m = on r denotes radius of maxi-

mum velocity; on f denotes
velocity weighted mean tem-
perature

g,t = designates variables in suc-
cessive integrations

S = slug flow

u = unadjusted

1 = at wall
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Use of Boundary-Layer Theory to Predict the
Effect of Heat Transfer on the Laminar-Flow
Field in a Vertical Tube with a Constant-

Temperature Wall

EDWARD M. ROSEN and THOMAS J. HANRATTY

Variations of density and viscosity with temperature cause distortions in the flow field ond
affect the rate of heat transfer to fluids in laominar flow in vertical tubes. The magnitude of
these distortions is predicted through an approximate solution of the equations of motion

and energy.

Variation of density and viscosity with
temperature may cause distortions in the
parabolic flow field and may affect the rate
of heat transfer and the stability of flow
of fluids at low Reynolds numbers ‘in
vertical tubes with a constant-temperature
wall. An analytical expression for the
temperature field and the rate of heat
transfer to fluids in laminar flow with
constant properties was obtained by Graetz
(2). Sellars, Tribus, and Klein (I15) ex-
tended the solution of Graetz and provided
all the necessary eigenvalues and eigen-
functions to construct the infinite-series

Edward M. Rosen is with Monsanto Chemical
Company, St. Louis, Missouri.
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solution. Whiteman and Drake (18)
showed how other velocity profiles affect
the rate of heat transfer; Singh (17) and
Millsaps and Pohlhausen (9) included
axial conduction and viscous dissipation in
the solution, and Schenk and Dumore
(13) calculated the effect of wall resist-
ance.

Distortions of the parabolic laminar
velocity profile due to viscosity variation
were discussed by Keevil and McAdams
(6). Hanratty, Rosen, and Kabel (5) and
Scheele, Rosen, and Hanratty (I12)
described visual experiments on the effect
of heating and cooling water in a vertical
tube where density variation (natural con-

A.1.Ch.E. Journadal

University of lllinois, Urbang, linois

vection) was more important than viscosity
variation. Under relatively mild conditions
of heating and cooling, distortions were
found sufficient to change the parabolic
velocity profile to such an extent that the
flows became turbulent at Reynolds
numbers much lower than those for iso-
thermal flow. The results showed two
types of instabilities. For cooling in upflow,
transition to turbulence is associated with
the condition at which the velocity
gradient at the wall becomes zero and a
reversal of flow occurs. The instability
develops rapidly in such cases. For heating
in upflow it appears as if a length of pipe
is required to allow the instabilities in the
flow to grow. Instabilities may be observed
downstream of the point where the
velocity profile at the center becomes flat
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and are always observed downstream of
the point where the center-line velocity
drops to zero (inversion point). It is the
purpose of this study to describe the ex-
tent and location of these distortions for
fluids of variable density and viscosity dur-
ing heating and cooling in a vertical tube
with a constant-temperature wall.

EQUATIONS DESCRIBING THE
PROBLEM

The problem may be formulated as
follows. A long, vertical, straight tube
of circular cross section has a fluid
flowing through it isothermally at a
constant rate in laminar flow. After
the fluid passes through a calming
section, the entrance effects are elimi-
nated and fully developed laminar flow
exists, the velocity profile being para-
bolic. The fluid is suddenly heated or
cooled by a change in the outside-wall
temperature. If the wall has a finite
resistance, the temperature on the in-
side of the tube wall will vary with
distance downstream. It is desired to
find the resulting temperature and the
velocity fields.

Although the bulk of the calculations
were performed for tubes of zero wall
resistance (constant-temperature wall),
it was necessary to develop the case of
finite wall resistance (constant ambient
temperature) so that the theory might
be compared with experiment.

The problem is further described:

1. Steady state exists.

2. There is symmetry about the z
axis.

3. Flow is incompressible; p varies
only in the gravity force term.

4. The only body force is gravity
acting downward.

5. Flow is vertical upward. For flow
downward the sign of the gravity term
must be changed.

6. There is no axial flow of heat in
the walls.

7. There are no heat sources in the
fluid.

8. Heating due to viscous dissipation
may be neglected in the energy equa-
ton.

9. p and 1/ are linear functions of
temperature:

p=p [1 =B (t—1)]

R Ty
B R

Other physical properties are constant.

The exact solution to the problem
defined above is unknown. Lee, Nel-
son, Cherry, and Boelter (7) and
Yamagata (19), who studied the effect
of variable viscosity; Martinelli and
Boelter (8), who studied the effect
of variable density; and Pigford (10},
who studied the effect of variable den-
sity and viscosity, made boundary-
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layer assumptions which simplified the
equations of motion and energy con-
siaerably. These assumptions, discussed
by Schlichting (I4), are listed below:

1. 8p/or = O; that is, dp/dz is a
function of z alone.

2 /9 << [l/r (8t/9r) +
at/or']

3. Fu/dz’ << [1/r (eu/dr) +
0*u/or*]

4. [du/dz] [0n/0z] and [dv/dz]
[8u/dr] are small compared with the
other terms in the equation of motion.

When heating does not cause inver-
sion to take place near the start of the
heat transfer section or when cooling
does not cause the velocity gradient at
the wall to go to zero quickly, these
assumptions should be fairly good;
however when the inversion point or
the point where the velocity gradient
at the wall becomes zero is close to the
start of the heat transfer section (large
|Ner/Nz.|), flows in the radial direc-
tion become large and the boundary-
layer assumptions are probably poor.

When the boundary-layer™ assump-
tions are applied and the expressions
for the functionality of density and
viscosity with temperature are used,
together with the dimensionless groups
defined in the notation, the equations
defining the system assume the follow-
ing form:

Equation of Continuity

av* \%Ad au 0
R TRt T ()
Equation of Motion in the Z* Direction
V*’B—U oU _ dP
JR YA AZ*
Ne. —
eI
Ne L 1-—T,
(%)
R{—
1 9 dR
+ 7 Npp — — | ————
RoR|  wr—1)
1—-T,
(2)

Energy Equation
po 0Ty 8T U(T-1) dT.
oR 9Z* 1—-T, dzZ*

&T 1aT]
| — =] 3
”[aRZ+RaR )

with boundary conditions:
T=0 atR=1 forZ*>0 (4)
1 [T
AL
T=1atZ*=0 for1>R=0 (6)
U = 2(1—R® atallR for Z* =0 (7)
U=0 atR=1 forallZ* (8)

forZ* >0 (5)
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All physical properties are evaluated
at the entrance temperature, and it
will be noted that the density was al-
lowed to vary only in the gravity term.
Boundary condition (5), which is de-
duced by writing a heat balance
through the wall, introduces the wall
resistance into the problem. Both the
viscosity ratio parameter and the
Grashof number are defined in terms
of (ts—t,), which is positive for heat-
ing and negative for cooling. For a
wall of zero resistance A ~ o0, t; = o,
and T.— 0.

Several over-all integral relationships
can now be derived. Equations (1),
(2), and (3) may be integrated over
the tube cross section to obtain a mass,
momentum, and over-all energy bal-
ance respectively. In addition by multi-
plying the equation of motion in the
Z* direction by U and then integrating
over the tube cross section, one can
obtain a mechanical energy balance.
Details of the integrations are given by
Rosen (11). The results are

Mass Balance

* 1
fa RUdR = — (9)
2
Momentum Balance
ar =2 d 1RUzdR
dzs  “dze Y
T NPr Nar
T.. 1
+ N (I—T) (Tavy — 1)
oU
2’11’ NP, [ﬁ ]
_ "‘ R=1 (10)
1 ]
[ R

Over-all Energy Balance
(Tm — l) de d
2(1—T,) dz°® ' dz*
* oT
f RUTdqur[——] (11)
’ dR

R=1

Mechanical Energy Balance

dpP d B
—_—— —— RUR
dz* dz* ":
+7TNPrNGr[Tm'—l]
NRe 1—Td
[l
+ 2x N», (12)
i "[I_MT—D]
(1—T.,)

where the dimensionless mean (mix-
ing cup) and average temperatures are
defined as

Tw =2 f*RUTdR (13)

and

T., =2 {*RTdR (14)
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The system parameters are ¢, N,
Neg./Nz., and i. The pressure gradient
may be deduced from either Equation
(10) or (12). It will be noted that the
analysis for external flows given by
Acrivos (1) leads to the parameter
Ne,/(Nr.)®. This is due to the fact
that the pressure drop for external
flows may be deduced from the flow
far from the wall.

PREVIOUS APPROACHES

Heating in Upflow with Variable Density
Since the equations of motion and
energy could not be solved simultaneously,
Pigford (10), who combined the ap-
proaches of previous investigators (7, 8,

Ngr/Npre =300

S

MRQ: 100
|

o 2 3

> % 102

Fig. 1. Values of « according to the solution

of Pigford for heating in upflow with variable
density.

19), solved the equation of motion in-
dependently of the energy equation. This
was accomplished by considering the
solution for Ne» = oo which simplifies
Equation (2) (for T« — O) to

dP ar
O=NRG_—— (T'l)
dZ Re
(%)
Rl —
1 9 oR 15
TR - |

Equation (15) was integrated twice to
give an expression for the velocity, and the
pressure gradient was deduced from a
mass balance. For the constant-viscosity
case (¢ = O) the results are

U = 2(1-R?)

Nor (1'R’) ]
+ [(2T1-13) — *+F (18)

Re

v _g N"'[zT I-1] (17
- e dz - +N-_;€ e )
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Ner

v=1
+8N

[L:-1:] (18)

Ra

where

1
L (o) = 2f0 RTdR = Ta, (19)

L (¢) =4 f RTdR  (20)

L (R, o) = J: ;11— [j: RTdR]dR
(21)
and

=2 (2,

4 “8R (22)

It was assumed the temperature field
could be described by Leveque’s solution
of the energy equation (8), which is

1 W
= ‘wsd 23
T 4. o)

where
o 1/8
w= ()" ar
9
and
4 4'7:11:
g — = Yavy Nﬂz = i (25)
T T

Pigford did not calculate the change in
the velocity field as a function of the
distance downstream, as he was interested
only in deducing an average slope of the
velocity profile at the wall {7awg), so that
heat transfer coefficients might be cal-
culated from a modified Leveque type of
expression for the fux at the wall. (See
notation. )

Use of the Leveque solution for the
temperature field imposes several restric-
tions on the validity of the velocity profiles
calculated from Equation (16). First, the
Leveque solution was derived for the case
of a constant velocity gradient at the wall.
It was assumed that it could be used to
represent temperature fields in which the
velocity gradient at the wall is changing
by introducing an average slope, vavs.
Second, the Leveque solution was derived
for a flat plate and not a tube and so
would be applicable only very near the
start of the Eeat transfer section. Third,
although the velocity profile may be ap-
proximated by a straight line near the wall
for heating, it becomes a poor apiroxima-
tion in cooling for situations in which the
velocity gradient at the wall approaches
zero (separation point).

With these restrictions in mind the in-
tegrals of Equations (19), (20), and (21)
may be evaluated by means of Equation
{23). The integrals I (¢) and I (o) are
given by Pigford (10), and Is (R, ¢) is
tabulated by Rosen (11). Figure 1 is a
plot of v vs. 1/o at representative values
of Ne¢:/Nzo calculated from Equation
(18), and Figure 2 shows the complete
velocity profiles for No./Nz. = 600 cal-
culated from Equation (16).

Before a value of Z* can be associated
with a value of ¢, it is necessary to select
a value for ~a,. Martinelli and Boelter
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(8) used an integrated average value of
v; Pigford (10) however simply evaluated
Yaog at a point halfway down the tube.
His procedure was

1. Select 20.

2. Compute vu, from Equation (18)
at 20.

3. Compute Z* from Equation (25)
at o.

In order to study the effect of evalua-
ting e, at o's other than 20, +v.., was
evaluated at ¢ = oo (the start of the
heat transfer section where v = 1) and at
¢ = o. At given values of N¢./Nz. the
center-line velocity was then calculated
from Equations (16) and (25) as a
function of Z* and plotted. From this
Flot the value of Z* at which the center-
ine velocity became equal to zero was
determined [values of (Z*)au:]. These
values are plotted in Figure 9.

/

5 . 0 =12,500

—J D> D)

"= $000

1K
A

-0,4'/

] 0z 04

08 08 1o

Fig. 2. Velocity profiles according to the so-
lution of Pigford for heating in upflow with
variable density for No./Nz. = 600.

Heating in Upflow with Variable Viscosity

Following the same procedures and
utilizing the same assumptions as for the
variable density case, one may integrate
Equation (15) for negligible natural con-
vection effects (No,/Nzo = O) to give

U= ———— [(1-R*)(1
T D [(1-R*) (14 ¢)

_2‘#1’1] (26)
dP
—Nprg=— = ——— {(27)
dZ 14 ¢ (1-L)
14y
_—_— 28
TR (28)

where
1
I. (R,o) = L RTdR  (29)

Equation (26) is equivalent to Yama-
gata’s equation (183), and the function
I, (R, ¢) is tabulated by Rosen (11).
Figure 3 shows the values of v computed
from Equation (28), and Figure 4 shows
complete velocity profiles as a function of
o as computed from Equation (26).
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ANALYSIS

In order to overcome some of the
weaknesses of the Pigford solution an-
other approach to the solution of the
equations of motion and energy was
attempted. This approach utilizes the
same boundary-layer assumptions used
by Pigford but solves the equations of
motion and energy simultaneously and
in addition retains the inertia terms
which do not drop out for a finite Np,.
The solution can be expected to apply
over the whole range of Z* rather than
only to short tubes. It is valid for cool-
ing in upflow as well as for heating.

The solution however is an approxi-
mate one and is intended only to de-
scribe the over-all flow characteristics
of the field rather than its details. As a

3

J@ X103

Fig. 3. Values of + according to the solution

of Pigford for heating in upflow with variable
viscosity.

result it will be found that it satisfac-
torily predicts experimental inversion
points but is rather poor in predicting
heat transfer rates, since a detailed
knowledge of the velocity field is nec-
essary to do this accurately. The pro-
cedure is as follows. Equations in R
are assumed for the velocity and tem-
perature profiles with coefficients
which are a function of Z* alone. The
general equations developed previously
may then be used to impose conditions
on these profiles. Substituting the ap-
proximate temperature and velocity
profiles into these equations leads to a
series of ordinary differential equations
with the coefrhycients as dependent
variables which are solved numerically
for their dependence on Z*. A discus-
sion of the general methods and pro-
cedures utilizing this technique may
be found in Schlichting (14).

The nature of the assumed series for
the profiles is governed by two criteria.
The first is that the profile must be
capable of representing the type of
profiles which are expected to occur in
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the flow treated; the second is that
there must be st least the same num-
ber of conditions imposed on the pro-
files as there are undetermined coeffi-
cients.

A direct numerical solution of the
partial differential equations by the
use of a finite difference scheme might
be no more complicated than the
method of moments used in this study.
Integral methods are generally useful
when one is able to reduce the original
system of partial differential equations
to no more than two or three ordinary
differential equations. This approach
however was not attempted by the
authors.

Velocity Profile. Figures 2 and 4 as
well as the constant-flux solutions of
Hanratty, Rosen, and Kabel (5) and
Hallman (4) show qualitatively the
type of velocity profiles that may be
expected to occur. Since the velocity
profile is a parabola at the start of the
heat transfer section and must return
to one far downstream, a power series
in R® suggests itself:

U=k + kR + kR +... (30)

where the ks are a function of Z*
alone. When k; = 2 and k, = — 2 and
ks, . . . = zero, the profile is a para-
bola.

The number of terms used in the
series depends upon the number of
available equations which the profile
can be made to obey; however, there
are a few practical difficulties which
arise. First the algebra becomes exces-
sive as the number of equations is in-
creased. Second, the final expression
for the derivatives of the coefficients,
dk,/dZ*, dk,/dZ*® . . ., must have de-
nominators which do not go to zero
over the range of integration, since the
differential equations must be solved
numerically.

The boundary conditions and pos-
sible equations which the profile could
reasonably be expected to satisfy may
be listed: (I) velocity zero at the wall,
(II) mass balance, (III) equation of
motion at the center, (IV) mechanical
energy balance, (V) momentum bal-
ance, (VI) equation of motion at the
wall or any R, and (VII) higher mo-
ments of the equation of motion where
Equation of motion at the center:

[ U—(EJ—] _ dP
VAN P dz*
WNGrNPr [Tc'_'l]
NRe l_Td
[+ (r2)]
— — | R——
+ aN R oR OR 7 o (31)
Pr [l—d,(T‘,'—l) ]
1—T,
A.1.Ch.E. Journal

Since conditions I and II must be
satisfied, the choice of additional con-
ditions is dependent largely on the
practical considerations mentioned
above. If a three-term series is used,
two additional conditions must be met:
one to determine the pressure drop and
the other to fix the variation of the
remaining coefficient with Z*. If a
four-term series is used, three addi-
tional conditions must be met: one to
determine the pressure drop and two
to determine the variation of the two
remaining coeflicients with Z*, If more
terms are used, more conditions must
be satisfied.

The simplest series and the one
used in this study is a three-term series
which utilizes the equation of motion

2.0 \1 I
\ gz
16 N A/
0 =250,000
N
0 =1000 q
2 : 0= 50,000

0.8

04

00

(] 6.2 04 0.6 o8 0

R

Fig. 4. Velocity profiles according to the so-
lution of Pigford for heating in upflow with
voriable viscosity for ¢ = 9.

at the center and the mechanical
energy balance. Details of the factors
which guided the selection of these
conditions are given by Rosen (II).
The pressure drop may be thought of
as being determined by the equation
of motion at the center, and the me-
chanical energy balance may be
thought of as determining the variation
of k, with Z*,

Temperature Profile. In contrast to
the velocity profile—which starts out
as a parabola, is distorted by the heat
transfer, and then returns to a para-
bola far downstream as the flow again
becomes isothermal—the temperature
profile starts out as a step function of
height one and slowly decreases to a
flat profile of zero height. Martinelli
and Boelter (8) in fitting a curve to
the Leveque temperature solution used
an exponential series which they found
to be satisfactory. Utilizing this form
suggested the following series:

T = T,T.=T,[C.+ Cse—Ks (1-R)/Z*3
-+ C,e—2Ks (1-R) /2%1/2
+ C,e—3Ks (1-R) /Z*vs
+ C,o—4Ks (1-R) /Z*1/3

+...7(32)
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changes in center-line velocity as a function of Z*.

where the C’s are a function of Z*
alone and K, is a constant.

In the same way as with the veloc-
ity profile, a number of conditions may
be imposed on the temperature profile.
Those which the profile may reason-
ably be expected to satisfy are (VIII)
dimensionless temperature T, zero at
the wall; (IX) energy balance through
the wall; (X) slope at the center, zero;
(XI) energy equation at the wall;
(XII) energy equation at the center;
(XIII) over-all energy balance; and
(XIV) energy equation at any R, where

Slope at the center, zero:

oT ]
_— =0 33
BN (33)
Energy equation at the wall:
T 1 9T ]
—_— 4= | =0 (34
[6R2+RHH £t (34)

Energy equation at the center:
[ aT ] Uc(Tv - 1) dTa
U +
GZ° R=0 1 - Td dZ’
FT

1 8T ]
= — e, 3
”[ & TR IR =0 (35)

Boundary conditions VIII and IX
and condition X must be satisfied. The
choice of additional conditions depends

upon how many coefficients are de-
sired. Unlike the velocity profile, how-
ever, a criterion is available which
determines when a satisfactory num-
ber of coefficients have been selected.
This criterion is the Graetz solution,
which the approximate temperature
profile should satisfy when the velocity
profile remains a parabola and the wall
temperature is a constant. First a four-
coefficient series was tried but gave
unsatisfactory agreement with the
Graetz solution. Then a five-coefficient
series was tried which utilized condi-
tions X, XI, XII, and XIII. This ap-
proximated the Graetz solution satis-
factorily (Figure 19). Attempts to
improve the agreement by the use of
six coeflicients and condition XIV lead
to excessive algebra and doubt as to
the proper R at which to write the
energy equation.

Development of the Approximate
Differential Equations

The four independent conditions I,
II, III, and IV define the pressure
gradient and the three coefficients of
the velocity profile; the six independent
conditions VHI, IX, X, XI, XII, and
XIII define the wall temperature func-
tion T, and the five coefficients of the
temperature profile. For convenience
T, was introduced into Equation (32),

3.0 T T T
[ COOLING
% Np.=5.52 / A |58
o4 Npy=50 > A
v X T 28
&) :1/Npr=o.73
1.8 - a3
15 T Npr=0.73
| o :
1.2 : :
| Y '
Zz
Z HEATING Npy = 5.52 !
~< N 131 |
S 0e Nepr =50 3 I
g 147 R
i N\
10! 102
|NGr/ NR!I

Fig. 6. Heating and cooling in upflow with variable density
values of (Us)min and (Us)mas
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Fig. 7. Heating in upflow with variable density, values of

(Z*)mm

as it simplified some of the algebra
and in addition acted as a scaling fac-
tor for the temperature profile. It was
carried along as an additional depend-
ent variable and introduced an addi-
tional equation from the definition of
T. at the center: (XV) T, = 1.0 at

= 0.

The temperature and velocity pro-
files were substituted into the selected
conditions and gave rise to two ordin-
ary differential equations, two algebraic
equations from the conditions on the
velocity profile, and two ordinary
differential equations and five algebraic
equations from conditions on the tem-
perature profile. L'Hospital’s rule was
used in the evaluation of the expression
arising from condition XII.

If the pressure drop is now elimi-
nated between the two equations
arising from conditions III and IV,
there remain a total of seven algebraic
equations and three differential equa-
tions in the following ten unknown
total differentials:

dk, dk. dk, dC. dC. dC,
dz*’ dz*’ dz*’° dz*’dz* ' dz°’
dc, dc, dT., dT.

dz*’ dz*’ dz*’ dz* (36)
To set up the solution for these ten
derivatives it is necessary to express
each of them explicitly. First the seven
algebraic expressions were converted
to differential equations by differen-
tiating them with respect to Z*. The
resulting ten equations in the ten un-
known derivatives were then algebraic-
ally solved. The equations apply to the
constant-temperature-wall case (A\—>0)
as well as to the constant-ambient-
temperature case () finite).

In order to begin the integration of
the ten simultaneous nonlinear ordin-
ary differential equations, it would be
desirable to know the value of each of
the ten dependent variables at Z* = 0.
Although the values of the K's are
known (since the velocity: profile is a
parabola there) and the center-line
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TasLE 1. HEATING 1N UPFLOW WITH VARIABLE DENsITY: CRITICAL VALUES FOR INVERSION AND
Frarness AND VALUES OF (Z%*)1im FOR SMALL VALUEs OF {Nar/N&s

Nrr {Ner/NRe)crit  (Z*)erst X108 (N@r/Nge)tiat (Z*)m-r1at X 103 (Z®)14mx 102
0.73 147 33 33 66 74
5.52 131 16 23 35 37

50 131 12 23 31 33

TaBLE 2. CooLiNG iN UprLow wiTH VARIABLE DENsiTY: CRITICAL VALUES FOR ZERO
VELOCITY GRADIENT AT THE WALL AND VALUES OF (Z¥)im FOR SMALL VALUES OF

—(NGr/NRo)
Npy —(Neai/Nre)®ors: (Z%)°r1e X 10° (Z*) 1um X 10°
0.73 58 90 74
5.52 38 44 37
50 38 33 33

temperature is equal to 1, the values
of the C’s are not known since the
temperature profile cannot be fitted to
a step function. Therefore it is neces-
sary to evaluate the dependent vari-
ables at a value other than Z* = 0.
This may be done by use of the
Leveque solution (8). Near the en-
trance of the tube where the thermal
boundary layer is very thin and the
amount of heating or cooling that has
taken place is still very small, this
theory should apply. The solution pro-
vides a means of evaluating q./A; and
T, at any Z* where the solution is
valid. Knowing these quantities to-
gether with consistency conditions
VIII, X, XI, and XV, one can deter-
mine the value of the constant K; and
the five C’s. Since q./A; and T, are
functions only of Z* and X, the value
of K;, and the starting values of C can
be determined once and for all at a
given distance downstream for a given
L. The value of K,, which was kept a
constant downstream, can be thought
of as providing a means of matching
the fluxes for the approximate and
Leveque solution at the selected value
of Z*®. Farther downstream the con-
sistency conditions and the over-all
energy balance are used to carry out
the integration. Two separate calcula-
tions were necessary, however, since
the values for T, and q./A. from the

constant-temperature-wall solution and
the constant-ambient-temperature so-
lution differ and the latter does not
reduce to the former for A > o0 Ty~ 0
except at Z* = 0. The calculation for
the finite wall-resistance case may be
found in Rosen (11) as well as the
procedure used for - modifying the
above for the small changes that take
place in the velocity profile between
the entrance and the Z* selected to
start the integration.

RESULTS OF THE APPROXIMATE
SOLUTION

The ten simultaneous nonlinear dif-
ferential equations were integrated
numerically on the University of Illi-
nois High Speed Digital Computer
(ILLIAC). The results will be pre-
sented for the constant-temperature-
wall case (A > ) at constant density
and at constant viscosity, although the
analysis applies to the simultaneous
variation of both.

Heating in Upflow with Variable Density

At small values of N /Nz, the di-
mensionless center-line velocity will
drop below 2 and after reaching a
minimum will slowly return to 2 as the
entire field becomes heated to the tem-
perature of the wall. Figure 5 shows
how the center-line velocity changes
with Z* for Ne./Nz, = 100 at Np,

5.52, and Figure 6 shows the mini-
mum center-line velocity reached,
(U.) min, as a function of Ng,/Ny.. It
will be noted that the values for Np, =
5.52 and N, = 50 fall on the same
curve, though the values for Np, =
0.73 lie distinctly above. Figure 7
shows the location of the minimums in
terms of Z°.

The heating curves of Figure 6 may
be extrapolated to (U,}m = 0 to find
the value of (Ng./Nz,)oris. If the value
of Nq./Ny, is greater than this number,
then the center-line velocity will al-
ways drop to zero. The curves of
Figure 7 may be extrapolated to these
values of (Na;/Ng.)ors to find the
values of (Z*).... (Table 1). It would
not be expected that inversion would
take place at a Z* greater than
(Z*)urn-

The changes occurring in the veloc~
ity profile may be further characterized
by the condition of flatness at the
center of the tube defined by a zero

FU 19U
lue f [ —_— ‘———-] . Th
value for | —p + 2 B e

minimum value of N¢./Nz. which can
cause the velocity profile to become
flat can be read directly from Figure 6,
since for the approximate velocity
profile used in the analysis the profile
is flat when k, = 1.5. These values of
(N¢./Nz.) 1 are tabulated in Table 1
along with the (Z*)n (. associated
with (Ng,/Nz.) riee. Figure 8 indicates
where the flat profile may be expected
as a function of (Ng/Ng,).

It will be noted in Figure 7 that as
(Ng./Nz,) = 0 the values of (Z*)min
become constant. These values of
(Z*) um which are listed in Table 1
give the value of Z* at which the
center-line velocity of flow profiles
only slightly perturbed from the para-
bolic will reach a minimum in heating
or a maximum in cooling.

Figure 9 is a plot of walues of
(Z*)pur: (inversion points) for values
of Ng./Nz, greater than the critical
values. At (Ncr/Nm)cru (Zu)mm =
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Fig. 8. Heating in upflow with variable density, values of
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Fig. 10. Cooling in upflow with voriable density, values

(Z*)maa

(Z®)nurr. Again the effect of Ni. can
be seen.

For comparison the values of (Z* )un
from the Pigford solution (see above)
are plotted in Figure 9. Since the Pig-
ford solution was derived for N, = ¢,
it would be expected that the approxi-
mate solution curve for N», = 50
could be compared with it. A large
disagreement is noted however with
Yeve at 2 o used. It will be shown later
that the approximate solution predicts
experimental inversion points satis-
factorily, which would indicate that
the Pigford solution is unsatisfactory
for this purpose.

Cooling in Upflow with Variable Density

At small values of —(Ng,/Nz,) the
center-line velocity will rise above 2
and after reaching a maximum will
slowly return to 2 as the entire fluid
becomes cooled to the temperature of
the wall. Figure 5 shows how the
center-line velocity changes with Z*,
and on Figure 6 is plotted the maxi-
mum center-line velocity reached as a
function of —(N¢./Nz.). As was the
case for heating, the values for N,, =
5.52 and N,, = 50 fall on the same
curve through the values for N, =
0.73 lie distinctly below. Figure 10
shows the location of the maximums
in terms of Z*.

The cooling curves of Figure 6 may
be extrapolated to (U,) = 3.0, where
the velocity gradient at the wall goes
to zero for the velocity profile used in
this study. If the curves of Figure 10
are extrapolated to these values of
—(Nge/Nz,)ri1, then the associated
values of (Z*®)*,... can be determined.
It will be noted that as —(Ng./Nz.)
- 0, the value of (Z*) s = (Z7)1im.
These values are given in Table 2 and
are the same as the values found for
heating,

Figure 11 gives the location of the
zero velocity gradient at the wall as a
function of —(N¢./Nz.). The curves
were extrapolated to the values of

(Z%)°.ie, since at (Na/Nge) erie,
(Z‘) zere —— (Z’).,.,,,.
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Heating and Cooling in Upflow with
Variable Viscosity

If ¢ is positive (heating liquids),
the center-line velocity decreases to a
minimum greater than 1.5 and then
increases slowly back to 2. If ¢ is
negative (cooling liquids), the center-
line velocity increases to a maximum
greater than 2 and then decreases
back to 2. Figure 12 shows these
effects.

The maximum and minimum center-
line velocities reached for heating and
cooling are plotted in Figure 13. The
points for Ny, = 50 fall on the same
curve as the points for N, = 5.52,
although the points for N, = 0.73
fall on a curve closer to the horizontal.
Values of (Z®)me. and (Z*)min are
shown in Figure 14 as a function of
o/ o

DISCUSSION OF RESULTS

The approximate solution may be
checked by comparing it with an ana-
lytical solution which is available for
fully developed flow in a tube with a
constant flux wall, by examining the
equations of motion and energy for
very small values of |Ng./Nz|, by
comparing calculated inversion points
with ones measured by experiment,
and by comparing heat transfer coeffi-
cients at Ng,/Ny, = 0 with the Graetz
solution.

Deductions from the Fully Developed
Constant Flux Solution

Heating in Upflow with Variable
Density. Figure 6 shows how the mini-
mum center-line velocity varies with
Ng4./Ng,. At the minimum, (3U/9Z) =
0 not only at the center but for the
approximate profile used in this study
also at every R. Whether or not
(9U/3Z) 0 at every R when
(8U/8Z)Y = 0 at the center for real
flows is not certain but is probably a
fair approximation. A general analytical
solution will be sought to the equations
of motion and energy when this is the
case.

A.1.Ch.E. Journal
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Fig. 11. Cooling in upflow with variable density, values of

(Z*)zaro

The condition (8U/0Z) = 0 im-
mediately leads to two results. First
U must be a function of R alone, and
second from Equation (1) V* must be
zero everywhere. If the following
boundary-layer assumptions are made:

ot

dp o&u
0z°

k4 5 ? =O
ar° 9z’

(87)

then Equation (2), after division
through by #N»,, becomes

dP) Na.
~——Nn.(—— ——m[T—l]

U 1du

TR + IR (38)
since T depends only on R at

. . 1
(Uc)mm or maxs Takmg v = _é—l{T + ..I_i

'Edl_{- of both sides gives

Nor

0=— VT +Vv'U (39)

Re

since the pressure drop is not a func-

tion of R. Dividing through by T.
results in
v () + ()
— e—— 2 — v4 —
0==7. Y\ T /TV\T,
(40)
Equation (3) becomes
oT 1
——— VT (41
az NRe NPr ( )
or dividing by T. gives
ot to—tw ( T )
—_—_— V| — 42
07 Nz, Np. T. (42)

Substitution of Equation (40) into
Equation (42) results in

Bt _ to_tw [ NR«
az_- NRQNFT NGrTc

-

(43)
Since the right-hand side of Equation
(43) is a function of R alone,
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% = A (a constant) (44)
Letting
_ ANg, N, T, (45)
(s —tw)
one gets for heating
VU+KU=0 (46)

Equations (42) and (46) arise in
the analysis of fully developed con-
stant-flux heating in upflow and have
been solved by Hanratty, Rosen, and
Kabel (5) and by Hallman (4). The
solutions for the temperature and ve-
locity fields are unique functions of
N, To/Nxe.

Figure 15 compares the values of
(Uc)min Vs, (Nt;r/NRc) (To)mhl from
the approximate solution to the ana-
lytical solution. It can be seen that
multiplying N¢,/Nz. by (T,) min brings
the values at the different N, to-

ether. The analytical solution gives
(NorTc/Nm)nu= 22 and (NGrTc/NRs)ofH
= 121.6, which are in good agreement
with the approximate solution results.
Figures 16 and 17 compare the ana-
lytical and approximate velocity and
temperature profiles at the Z* at which
U, is a minimum.

Cooling in Upflow with Variable
Density. The analysis for cooling in
upflow when ¢ = 0 is the same as for
heating in upflow with variable density
except that Equation (46) becomes

VU —KU =0 (47)

The solution of Equations (42) and
(45) is also given in references 4 and
5. The temperature and velocity fields
are a unique function of — Ng, T./Nx..

Figure 15 compares the values of

(Ue)muz vSs. (Ndr/NRc) (Tc)maa taken
from the approximate solution to
the analytical solution. Multiplying

— Ng/Nz, by (T.)m. again brings
the values for the different N, to-
gether. The analytical solution gives
— Ng, T./Nz. = 49.2 as the critical

258
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Fig. 12. Heating and cooling in upflow with
variable viscosity, changes in center-line veloc-
ity as a function of Z*.
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for causing the velocity gradient at
the wall to go to zero compared with
the approximate solution value of
about 88. The center-line velocity is
3.2 according to the analytical solu-
tion at this point but is only 3.0 ac-
cording to the approximate solution.
The temperature and velocity fields at
the maximum center-line velocity
where — Ngo/Nio (To)mee = 25.1 are
compared with the analytical solution
in Figures 16 and 17.

Heating and Cooling in Upflow with
Variable Viscosity

The general trends of Figure 13 can
probably best be understood by re-
course to certain qualitative arguments.
When Ni, - 0 gle thermal boundary
layer builds up so fast that the fluid
becomes isothermal almost immediately
and there is no change in center-line
velocity. Therefore the straight line
at ky = 2.0 is a limiting solution for
very small Pr.

At high Pr the thermal boundary
layer builds up very slowly, and for
large ¢ (heating) the large velocity
gradient at the wall due to the small
viscosity would cause the profile to
flatten out toward plug type of flow.
This trend can be seen in Figure 13 for
the high Pr curve, which approaches
k; = 1.5 as ¢ becomes very large. True
plug flow would have the velocity
everywhere equal to 1, but the flattest
that the approximate profile can get is
when k, = 1.5 (k. = 0).

At intermediate values of N,, the
two effects compete. The flattening
caused by the small viscosity ratio
(large ¢) is compensated by the

causes the center-line velocity to go to
very large values in the limit as
¥y = —1, as is suggested by the curve
for N, = 5.52 and 50.

Behavior at Small [Ns./Nx.|

Figures 7 and 8 show that the
values of (Z*)min and (Z*)mw ap-
proach limiting values at small values
Of Iqu/NngI. Those values Of (Z”)Hm
which are a function of N,, alone are
listed in Tables 1 and 2. The behavior
of (Z*)min and (Z*) e at small [Ne,/
Ni,| can be deduced directly from an
examination of the equations of energy
and motion.

For a constant-temperature wall
Equation (2) becomes

, oU U dp
oR oZ*  dz®
NGr

Re

1%

[T—1]

— '”NPr

U 1 98U

+7erf[aR2 + R 3R ] (48)
At small [N, /N the flow field is
only slightly perturbed from the Graetz
solution and the variables may be
written as

V*®* =V’ (since V, = 0)

U=U, +U
T=T,+T
P=P,+P (49)

Substituting these quantities into Equa-
tion (48), neglecting T’ compared
with T,, and dropping second-order
perturbation terms as small, one ob-
tains

growing thermal boundary layer, and au, F104 dpP’
so even when ¢ becomes very large a v R + U, 3Z® = dZ°
plug type of profile is not achieved.
This is demonstrated by the Np, = Ne.
0.78 curve. — alNe, (T,— 1)
The situation for cooling is some- e
what different. As ¢ > — 1, the flow at aU 1 U
the wall is greatly decelerated, which + aNe, PRl (50)
, ‘ i R ' R oR
forces the center-line velocity to in-
crease sufficiently to compensate. This since
dpP, [B’U, 1 9U, ]
—— =Ny, | —— + — 51
z -l TR 4 Y
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Fig. 13. Heating and cooling in upflow with variable viscosity,
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values of (Uc)min and (Us)maz
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ﬂ_” = [___' + = ¢ ] (52) tion, center-line velocities for cooling and heating in upflow.
YA oR? R oR

since the V' and U’ terms are small.

If
U

U?* = oo 53
NoNa %)
Equation (50) becomes
v 0Us [ Noo| 8U*  dP
3R N..| '9z*  dz®
Ne. | .
— wNp, [T,— 1]
Ng. [ FU™* 1 aU’“]
N, - —
tee S Lo TR R
(54)
From Equation (1) it may be noted
that
Ne. | 1 (®_0U*
' = =) R dR
v=-|xl7d r
(55)

If now dP'/dZ* is deduced from
Equation (10) or (12), then every
term in Equation (54) has a |Ng./Naz.|
term in it which cancels out, with the
result that

U = fl (B’ Zﬁ, Ta; NPr) (56)
But from Equation (52)
T,=1 (R Z*) (57)
therefore
U/* =f. (R, Z*N;,)  (58)
or
N r
U =|—=|f (R, Z*, Nr,)
Re (59)
and
N r
U= U’+ : f3 (R$Z#= NPr)

(60)
Equation (60) would describe the
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velocity field as a function of R, Z*,
and N;, if the function f, (R, Z%, N»,)
were known. In order to find the value
of (Z*)min OF (Z*)mas as |Nar/Ny| >
0, Equation (60) should be differ-
entiated with respect to Z°® and then
the derivative set equal to zero:

U,

a—zr =0 = fa’ [(Z*) Timy NPr]E:a
The function on the right can be

solved for (Z*),., in terms of N,

alone; that is

(Z&) im — f4 (NPr) (62)

This analysis is valid for both heating
and cooling, so that (Z*),.» should
be the same for heating and for cool-
ing as was found in the approximate
solution.

(61)

Comparison to Experiment

Heating in Upflow. Experiments con-
ducted with water in a vertical tube with
a calming section and a constant outside
wall temperature have been described pre-
viously (5, 11, 12). When the flow field
was flooded with dye and Ne,/Nz. was
above the critical, a long cigar-shaped para-
boloid was observed to form and the apex
of this paraboloid was taken to be the
point where the center-line velocity drop-
ped to zero. In order to compare these
experimental observations with the ag—
proximate solution, several runs were made
on ILLIAC with parameters corresponding
to the experimental conditions, and the
point at which the center-line velocity
became zero was calculated. Although
there was a small variation in ¢ and Np.
in the experimental data, all the data were
plotted together in Figure 18 for com-
parison with the ILLIAC results calculated
from the average experimental values for
¥ (=0.3) and Npr (=6.0). The agree-
ment between experiment and the ap-
proximate solution is satisfactory when
the inversion point is far downstream.

However when Ng./Nre ; 500 [based on

A.1.Ch.E. Journal

(tst.)] and the inversion point is very
close to the start of the heat transfer sec-
tion, agreement is rather poor. This may
be due to two reasons. The first is that at
large Ng./Ng, the conditions near the
entrance are changing so fast that the
boundary-layer assumptions may no longer
be valid. The second reason is that there
is a real doubt as to how closely the ex-
perimental conditions approximated a step
rise in temperature. Failure to achieve a
step rise would cause the paraboloid to
appear farther downstream. This ‘is, in
fact, what Figure 18 indicates.

Cooling in Upflow. Below —Ng./Nzeo of
about 70 (based on tit,) dye injected
into the center of the tube would flow
out the top of the tube without being
disturbed. At larger values of —Na./Nz,
the dye would move off center owing to
the formation of an asymmetric region of
downflow in a portion of the tube, and,
depending on the value of Nz, as
—Ne¢./Nze was increased, the dye filament
would break up. Further increase in
~—Ng:/Nz. caused the point of breakup to

28
N 1
\ COOLING
24— — NerTe .5,

Ngre

ANALYTICAL SOLN. | \\

— — — — APPROXIMATE "

0 ! ] I \
0 0.2 04 06 08 10
R

Fig. 16. Comparison of the approximate and
analytical solution velocity profiles.
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move upstream until the dye would break
up almost immediately upon entering the
heat transfer section.

In order to compare-these observations
with the approximate solution, several runs
were made on ILLIAC to calculate the
point at which the velocity gradient at the
wall went to zero. In general the breakup
points appeared to occur downstream of
the point where the velocity gradient was
calculated to go to zero. This would imply
that reversal of flow at the wall is possible
before the field breaks down into turbu-
lence, and the visual observations tended
to confirm this (12).

Heat Transfer Coefficients

Although the approximate solution ap-
pears to predict satisfactorily the general
nature of the flow field over the whole
range of Gz when |Ne¢,/Ng.| is less than
the critical values, and at least up to the
point of inversion for heating when
Ng:+/Nr. is greater than the critical but

less than about 500, the solution appears.

to give poor (in general low) heat transfer
coefficients. This is due to the fact that
heat transfer coefficients are highly de-
pendent on the slope of the velocity profile
at the wall and the simple three coeflicient
velocity profile used in the approximate
solution could not satisfactorily predict
these slopes. Local and average heat
transfer coefficients (see notation) of the
approximate solution are compared with
the Graetz solution as given by Sellars,
Tribus, and Klein (15) (Ng-/Nze (0]
and ¢ = O) and the limiting Leveque
solution in Figure 19. Local heat transfer
coefficients occurring at the point of the
maximum and the minimum center-line
velocity are compared with the analytical
solution of Equations (42), (46), and
(47) in Figures 20 and 21.

To calculate heat transfer coefficients
Pigford (10) employed the same approach
as Martinelli and Boelter (2, 8) using a
semitheoretical expression of the same
form as the Leveque solution. This expres-
sion and his results for Nyu,, and Tm are
given in the notation. From the form of
the equation for N, it can be seen that
the Pigford solution does not approach an
asymptote at low values of N¢. as the
Graetz solution predicts. (See also 4.)

For situations in which natural convec-
tion is negligible the correlation of Sieder
and Tate (I16) has been widely used.
(See notation.) Figure 22 compares this
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correlation with the approximate solution
as well as with the Pigford solution
(shown for heating only). It can be seen
that the approximate solution is very low
for heating, though the Pigford solution
shows good agreement. For cooling, the
approximate solution appears to show
better agreement.

Good experimental heat transfer data for
situations in which natural convection is
important but viscosity variation can be
neglected do not appear to be available
in the literature, and the theory canmnot be
directly compared with experiment. How-
ever it is of interest to discuss Pigford’s
solution for this case., Figure 23 is a plot
of average Nusselt number (Nyu,) vs. Ne:
with Ne./Ng. as parameter. [Martinelli
and Boelter (8) and Pigford (10} used
Ne:Np,/Z as a parameter.] From the ap-
proximate-solution results presented for the
velocity field a line of inversion may be
constructed (the Np, = 50 results). It
tangentially meets the (Ne/Nre)eris
= 131 line at (Z*)ors:- (See Table 1.)
The area upward and to the left of this
line represents an area where inversion
takes place with turbulence appearing
downstream. Agreement between experi-
ment and the theory based on a laminar-
flow model should not be expected in this
region.
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NOTATION

a
A

= inside radius of tube, ft.
parameter arising in fully
developed constant flux solu-
tion, defined by Equation
(44), °F.

inside area of tube, sq. ft.
temperature  coefficient
viscosity, °F.*

heat capacity at constant
pressure, B.tu./(lb..) (°F.)
= coefficients of the tem-
perature profile  series—a
function of Z* alone, dimen-
sionless

outside radius of the tube, ft.
. f{x) = functions of the vari-

i

A;
b of

T
T
RN

™
o 8
x
: mil
2 | ; | L.
x I % ] !
o ‘
i i
; P | |d
4] } —+ Q
APPROXIMATE
‘ SOLUTION N
(7=13.8)
P — ‘\ >
‘ -
| I
i H ‘
i
N i l f
10%
NGr/NRe

Fig. 18. Comparison of experimental inversion
points and the approximate theory.

ables indicated in Equations

(56), (57), (58), and (62),

dimension]ess

acceleration of gravity equal

to 4.17 x 10° ft./hr?

conversion factor equal to

4.17 x 10° (lb.-mass) (ft.)/

(br.?) (Ib.-force)

average heat transfer coefli-

cient based on the average

of the differences between
the ambient and mean tem-
perature at the inlet and
outlet, B.tu./(hr.)(sq. ft.)

(°F.)

local heat transfer coeflicient

based on local wall minus

local ~mean temperature,

B.tu./(hr.) (sq. ft.)(°F.)

local heat transfer coefficient

based on local wall minus

entrance temperature, B.t.u./

(hr.) (sq. ft.) (°F.)

I{o),I{o} = integrals defined by Equa-
tions (19) and (20) respec-
tively, dimensionless

I{R,s),I.(R,0) = integrals defined by

Equations (21) and (29)
respectively, dimensionless
= thermal conductivity of the

fluid and wall, respectively,
B.t.u./ (hr.) (ft.) (°F.)

4
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Fig. 19. Comparison of the approximate and Graetz and Le-
veque solution, Nusselt numbers Ny., and Nyu,.
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Fig. 20. Comparison of the approximate and analytical solu- Fig. 22. Comparison of average Nusselt numbers Ny, for
tion, Nusselt numbers for heating in upflow. heating and cooling in upflow with variable viscosity.
ky,kz,ks = coefficients of the approxi- h.a N [ 1-T, ] Gw = heat flow at the wall, B.t.u./
mate velocity profile series, k- LI1+T.—2T. hr.
a function of Z* alone, di- . ; = distance measured from cen-
ionl | dimensionless ter of tube out radially, ft
mensionless . , ft.
K = parameter arising in the fully Nvuw = }?cil Nusseit nuranzl‘) er equal to R = number gf tul?e radii equal
developed constant flux solu- o _—_[ ___] s to r/a, dimensionless
tion defined by Equation k T, LoR Jps t = temperature at any point,
(45), dimensionless dimensionless °F.
K, = constant arising in the ap- Nw, = local Nusselt number equal to £, = temperature at the center of
proximate solution used to ha [ oT dimen- the tube, °F.
fit the approximate solution [ oR J..° ts = ]acket° or ambient tempera-
to the Leveque solution, di- sionless ture, °F. '
mensionless tm = mean or mixing-cup tem-
- = al Nusselt o
Ne. = Grashof number equal to Ner ? s valve of the loc v perature, °F. - "
ap,’ g Bo (ta—t,)/p,", dimen- . e = temperature of the wall or
sionless; when the wall tem- Elérrﬁ};:r at (Uc)mes, dimen inside of the tube, °F.
perature is constant f; > . ! 1 S f the local Nussel T = temperature equal to T.T.
(Ncr/NRe)crn — minimum (Nar/NRe) N(Nug)mm = value ot the loca usselt — %t_tw)/(to—tw), dimen-
needed in heating in upflow . sionless
to cause inversion, dimen- n.umber at (Uo)mwn dimen- = temperature equal to (i—
sionless sionless L t,)/ (t—t,), dimensionless
(N¢:/Nz)riae = minimum (Ng./Nz.) Nyu/T. = Nusselt number arising in 7, = temperature equal to (f.—
needed in heating upflow to the fully fleveloped constant )/ (t,—tw), dimensionless
cause the velocity profile at flux solution equ?il' o —q« T, = temperature equal to (ts—
the center to become flat, il/ A: k(t—t.), dimension- tw)/ (t.—t.), dimensionless
_ dimensionless ess T, = temperature from the Graetz
(Noo/Npolorse = minimum (Ng,/Nas,) Ner = Prandtl .numbverl equal  to solution, dimensionless
needed in cooling in upflow Cypa/k, dimensionless ™ = perturbation on the Graetz
to cause the velocity gradient Np. = Reynolds nu.mber. equal to solution temperature, dimen-
at the wall to go to zero, di~ aUavopo/ o, dimensionless sionless
mensionless 0 = subsc.r{pt to denote entrance T. = temperature defined by
Ns. = Graetz number equal to conditions Equation (18) equal to
(#Nge Ny, ) /Z P = pressure, lb.-force/sq. ft. (tm—tv)/ (t;—tn),  dimen-
Nwu, = average Nusselt number P = pressure equal to (g.p + sionless
equal to po2) /psU%my, dimensionless T,, = temperature defined by
7 T 11T S _
20— APPROXIMATE SOLN. =R e
P Mo Moz Nep-so Lol
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Fig. 21. Comparison of the approximate and analytical solu-

Fig. 23. Values of Nyu, according to the solution of Pigford

tion, Nusselt numbers for cooling in upflow.
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(Tc)muz =
(To)min =
u =

U
U’

U

I

Uav g =

VA =

(Z*)er1e=

(Z“)rm=

(Z*)1im =

(Zi)m—flat

(Z2 ) mae =

<Zg)min =

Equation (14), dimension-
less

value of T, at (U,) mas

value of T, at (U.,) min

local velocity in the z direc-
tion, ft./hr.

u/U,,,, dimensionless
perturbation on the Graetz
solution velocity in the Z
direction, dimensionless
defined by Equation (53),
dimensionless

average velocity in the Z di-
rection, ft./hr.

center-line velocity, dimen-
sionless; subscripts min and
max refer to the minimum
and maximum center-line
velocity reached

velocity in the Z direction
from the Graetz solution,
dimensionless

local velocity in the r direc-
tion, ft./hr.

equal to ©/U,,, dimension-
less

equal to #NgN,V, dimen-
sionless

perturbation to the Graetz
solution velocity in the r di-
rection, dimensionless
dummy variable defined by
Equation (24), dimension-
less

distance measured down-
stream from the start of the
heat transfer section, ft.
number of tube radii down-
stream measured from the
start of the heat transfer
section equal to z/a, dimen-
sionless

1/ N G =
mensionless
location at which inversion
takes place when Ng,/Ng. is
equal to the critical value
for heating in upflow, di-
mensionless

location at which the veloc-
ity profile first becomes flat
during heating in upflow,
dimensionless

location at which the center-
line velocity reaches a mini~
mum or maximum for heat-
ing or cooling in upflow as
|Ner/Nz.| = 0, dimensionless
= location at which the ve-
locity profile at the center
becomes flat when N;,/Nxz,
is equal to (Ne./Nz.)sar,
dimensionless

lIocation at which the center-
line velocity reaches its
maximum during cooling in
upflow, dimensionless
location at which the center~
line velocity reaches its
minimum during heating in
upflow, dimensionless

Z/WNReNPr, di-

Vol. 7, No. 1

(Z*)pu1= location at which inversion

takes place, dimensionless

(Z*).0ro=="location at which the veloc-

ity gradient at the wall goes

to zero, dimensionless

(Z*)°0rsy = location at which the ve-

Ng.

4(8) yave

Tm = €
4
rl - )Jous
;)
1 /8
NNum = (1)
r(4/3)\ 9

Sieder-Tate Equation

oson (2)[142

8/2

o+ |

locity gradient goes to zero
when (Ng,/Nz.) is equal to
(Ne,/Nze)®erir,  dimension-
less

Greek Letters

B

Y
Yavg
I'(x)
A

Mo

Mo

Hw

Po

€9

Il

[ Il

i

coefficient of cubical expan-
sion, °F.*

ratio of actual velocity gra-
dient at the wall to the ve-
locity gradient of a parabola,
dimensionless

average ratio of the actual
velocity gradient at the wall
to the velocity gradient of a
parabola, dimensionless
gamma function

system parameter equal to
k./[kIn(d/a)], dimension-
less

viscosity of the fluid, lb.-
mass (ft.) (hr.)

viscosity of the fluid evalu-
ated at the bulk temperature
or average of the inlet and
outlet mean temperatures,
Ib.-mass/ (ft.) (hr.)

viscosity of fluid evaluated
at the entrance temperature,
Ib.-mass/ (ft.) (hr.)

viscosity of fluid evaluated
at the wall temperature, Ib.~
mass/ (ft.) (hr.)

constant equal to 3.14159265
density of fluid, lb.-mass/
cu. ft,

density of fluid evaluated at
entrance temperature, lb.-
mass/cu. ft.

(4 yawsNg:) /7, dimensionless
system parameter equal to

b(ti—t.), b(t,—t,) for a
constant temperature wall
and (p./pw)— 1, dimension~
less
( d + 1 d )( )
dr r dr ¥
( d + 1 d )
dr r dr
B Y
dart r dr

Pigford Solution

qw/A{, = k(tw'—tm)

(5)

ar(4/3)
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